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Lasttime

-

Existence and uniqueness of solution to

Ict) - flt,Xct )) , ✗it. I - Xo

today: Ch . 3.2→ 3.4

- Continuous dependence on initial condition

and parameters .

nominal :
"

✗ it)- flt , ✗Ctl , Xo ) , ✗Lt. ) = ✗ ☐

perturbed: *t) - fct, Ycti , 1) , Y Lt. ) - Yo

if Yo → Xoand×→✗o→Yct)→✗ct#Ña)
-
We prove a similar result , which can be used

to prove * 1 (Tkm . 3.5 in Khalil)

- It is a practical tool to control the error in Ic.

Amd dog nannies .



\

-

In order to praise the thin. we need a lemma

which is also useful in general.

Lenny CBellman - Gromwell ineq. ) (Appendix A)

-
Assume 2- it) satisfies

t

2- ct ) f Xct ) + f Most Zcsgds
to

where pelts> o , Xlt) are continuous int .

t

Then
,

t ggiuctlde
2- Lt) 4 ✗ (t ) + f e tasked

to

corollary , ( special cases)

-
if titi - X const.

,
then

2- cts £ ✗ estimates
-
If putti -µ Canst , , then

2- Ltl § ✗ elect
- to)



pmof-ot-emmer-s.li
- define Y Ct) - f NCS) 2-cods

to
\

-

Then
2- Lt) 2- ✗ Lt) + Yet ) ⇐ 3

- our goal is to obtain a bound on Yct)

- Taking the derivative of 4ft,

it ct) ⇐ Nct) 2- Ct)
A)

(µ let> 0 is used) Eject)
Ht) + plots ✗Ct)

Were

-
Therefore

, we have a differential inequality ,

Ctl 2- Mutt Yct ) + pectict) , (to ) -0

- Consider the same equation, but with equality
Ict ) - NCH ✗it *petty ✗ a-1 , ✗it. 120

*→



-
We can argue

that 4kt) Exit .

-
If it is true, then 2- it £ Yeti + ✗et)

where ✗ Lt) solves the linear system & -4
t

-3 ✗ its = ✗ Cta] * f It, sics]pecs] Is
I t

.
-

state transition f-uncas

☒cts) - es?Meade

-

This ponies the 8hm . It remains to prove

Yet) 2- ✗cts . it ¢ fct, 4) , 44.1-a
•

✗ ⇐ fat,X) , ✗ A.) 20

- pictorial proof q
Yat

✗ in . 14h

⇒ Tilton > Yoon)

- if 141-13 ✗it for some t, then It sit

✗ t.tl - YFÉ) → Ict) > 4%+7 ⇒ ✗ its > Ht)

for t close tot
contradiction ←→



Tim:

-
Assume fct,✗) is piecewise continuous in# c-[to,t,]

and L-ip.in ✗ on the set WCYÑ with

Lip. Constant 1- .

- Let ✗Hi,Yai be solutions of
'

✗cti-fct.la;) , ✗ cts - X,

ictszfctifcti) agctiha) , YUH - Yo
where

Ugct,4111 Epe 4- YEW, V-tc-st.it,]
- Then •Et.)

11 Yeti- ✗call C- e UY. -X.mx/q-Ce4t-tIyRemark-:
-
It is easy to see shat as Yo ->É, and /u→o
then Yeti → ✗ it)



pnoofofthethm :

-
The integral form of the solutions are

Yeti = Yo 1- of Cs, Yes,) ✗ Gcs,Yes,) ds
✗Ltl - Xo + ftp.fcs.xcsdds

t

→ MYCH -✗call £ HYO- X.tl a / Hfcs,Yay - fcsxcsillds
to

+ ftp.llges.xcsxhds
I 114.*✗all -15+1-11 Yes, -✗call ds a µ Lt -to)

to

- Apply B -G Lemma to 7-its- IIYLH - ✗it'll

114 it) -✗Hill & Mo -

X.1.IQ/ult-toi-/I!MY..x.n-pecs.t.Dect-s1hkds-
consider this term



- Integration by parts ?

§[No-t.mx/ucs-t.5(-dg-et-
"t

) ds
to

= -[ MY.-✗☐
11 +pecs-t.gg ect

-☐ 1-

/
t

to

* gtµ et-s' baes
to

- - M Yo - ✗☐ 11 -felt -to) + pyo -✗on
-⇒ ↳

1- I-cetct.tn
)
,,

-9
11411-1-1111-1111 MY. - ✗diet

-⇒+

+ gy-ffetlt-t.ly



Example.
-°_

✗ et)= -☒(t) , ✗co) - Xo

YAIR -4pct , Yco) - Yo

- From thm
.

It

1×4-1 -Yctsl f e IX. -Yol with 1--1

- From explicit form of solution

1111+1-44-4=1 ✗•É- Yoét I
⇐ e-
+

IX.- Yok

-
This is much smaller than the bound 814 .-4,1
when t is large .

→
The bound is very loose when the system
is testable " . It can not differentiate

between a stable and not stable systems .



Example :

- Suppose we want to have abound on solution

to ¥2 - Y + qsincy) , 4cm - Yo

-
we consider the system

I - - ✗ , ✗ cos - Yo

-
Then

* by applying the thm .

4kt)- ✗cute F- ( É
"
- 1)

where 1--1 is Lip .
Constant .

- Using ✗ it) - Yoét , we have

1kt) - Yoétlce -1)

⇒ Yet, 2- Yoéta Elet - 1)



= The bounds obtained in thm are loose

for stable Sys, and blow up as t→ so

•

Another useful fool is
"

Alekseev
" formula.

when the nominal system is
"
stable

"

.

nominal I - flt, X ) , ✗cos -Xo

perturbed iz FLAY) + get,y) , Yes - Y,

-
Assume nominal Sys . tis stable , in the sense

that
, starting from two initial and . ✗a. Do

☒ toti - Retitle c thx, -1%11 where X > o

-

Then
,

114th - Atoll ⇐ ☒
*

11ham * ←⇒µ - e-
✗t

)



Example:

I -- ✗ , ✗G) -X,

ya ⇐ -Y + Esincy)
, 4cal - Yo

- nominal Sys . is stable , starting from Xo
,
Ñ
,

1×11-1 - Fits I - I Éx.-ÉÑ.IE É\X . - I. I

- Applying the result from Alekseev formula

Dixit , -Yall t e-tix .-4.1 + Ecl - e-
t

)

-

Much better bound compared to

IXU-t-YU-iltetlxo-Y.tl ✗ E Cet- 1)



%fe.u.ua?to1ineeensgstemmsingtransitimma#ix-t:
Ict) - Act> ☒its + Rect , ✗Lt. ) -Xo

-
Define transition matrix

d-④it, s) = Acts cts) , $14s ) -I
dt

t

→ ☒It) - It, to)Xo -1 / It;D Utsds
to

- Special case : 1-dim

Ittf act ✗☒ Ucf)

States de
→ $cts) - e s

✗☐ + ftp.stacaee• ✗ it, • e.sc?.acsidsUcs)ds
to


